The Lie point symmetries of a class of third order evolution equations are classified. It is shown that for nonlinear equations the symmetry group can be at most four dimensional.
Introduction
The purpose of this article to classify equations of the form u t = u xxx + F (x, t, u, u x , u xx ) (1.1) with respect to their Lie point symmetries. The usual Korteweg-de Vries (KdV) equation
is a member of the class (1.
1). A classification of the KdV equation with variable coefficients (vcKdV)
u t = f (x, t)uu x + g(x, t)u xxx (1.2) according to symmetries was done in ref. [1] , where they showed that the vcKdV can have at most a four-dimensional Lie point symmetry group. Our motivation is the same as for classifying vcKdV equations. We start with a rather general class of nonlinear equations generalizing (1.2) for g x = 0. Note that any t−dependent coefficient of u xxx in (1.1) can be normalized by a reparametrization of time. The main advantage of this classification is that, if we know the equation under study admits a nontrivial symmetry group, then it is usually possible to obtain exact analytical solutions. Another aspect is to establish a possible connection between symmetry and integrability. Nonlinear differential equations with large Lie point symmetry groups tend to be integrable or at least to have the attributes of integrability [2] . The connection between Lie point symmetries and integrability was discussed in [3] . Recently, two papers [4, 5] have been devoted to the group classification of the nonlinear heat-conductivity equations. The strategy they followed is very well discussed in these papers. Here we adopt the same approach which basically consists of three steps. We first construct the equivalence group, namely the group of transformations taking equations in the class (1.1) to other equations in the same class, but possibly changing the function F . Also, we find the most general element of the symmetry group together with a determining equation for F . As a second step, we realize low-dimensional Lie algebras by vector fields of the above form up to equivalence transformations. To do this, we use various results on the structure of Lie algebras [6, 7, 8] . A good summary of the classification results of non-isomorphic finite-dimensional Lie algebras has been given in [5] . In the last step, once the symmetry generators have been standardized, we proceed to classify equations that allow nontrivial symmetries. We do this by inserting these generators into the symmetry condition and solving for F .
We mention that the similar methods have been used by Winternitz and coworkers for group classification of several nonlinear partial differential equations [1, 9, 10] and of discrete dynamical systems [11, 12, 13] .
Determining Equations and Equivalence Transformations
The Lie algebra of the symmetry group of the equation (1.1) is realized by vector fields of the form
In order to implement the symmetry algorithm we need the third order prolongation of the vector field (2.1) [14, 15, 16] 
where
Here D x and D t denote the total space and time derivatives. To find the coefficients of the vector field we impose that the prolonged vector field (2.2) should annihilate the equation (1.1) on its solution manifold
From the vanishing of the coefficients of linearly independent terms we find that an element X of the symmetry algebra must have the form
where the dot denotes time derivative. The functions τ (t), ρ(t) and φ(x, t, u) satisfies the determining equation
Our classification will be up to equivalence under a group of locally invertible point transformationst
that preserve the form of the equation (1.1), but change the function F into a new one, namely we haveũt =ũxxx +F (x,t,ũ,ũx,ũxx) (2.7)
Substituting (2.6) into equation (1.1) and requiring that the form of the equation be preserved, we find that the equivalence transformations must satisfy
The transformation (2.8) takes the vector field into
3 Equations invariant under low-dimensional symmetry groups
We apply the strategy summarized in the Introduction. As the general form of the symmetry algebra (2.4) and the equivalence group are similar to the one in the heatconductivity case [4] 
the realizations of the real Lie algebras L with 1 ≤ dim L ≤ 4 by (2.4), with a few exceptions, turn out to be exactly the same. Therefore, we shall use the classification results of the heat-conductivity equations with some modifications at most.
One-dimensional symmetry algebras
We assume that for a given F , equation (1.1) is invariant under a one-parameter symmetry group, generated by the vector field (2.4) with coefficients subject to the constraint (2.5). We shall use the equivalence transformations (2.8) to transform the vector field X into a convenient "canonical" form. We then substitute the coefficients of the canonical vector field into the determining equation (2.5) and solve for the function F to find the invariant equations. Using the transformation formula (2.9) we obtain three types of one-dimensional symmetry algebras
The corresponding invariant equations will have the form
(3.2c)
Equations with two-dimensional symmetry algebras
There are two isomorphy classes of two-dimensional Lie algebras, abelian and nonabelian satisfying the commutation relations [X 1 , X 2 ] = κX 2 , κ = 0, 1. I. Abelian: We start from each of the one-dimensional cases obtained in (3.1) and add to it vector fields X 2 of the form (2.4) commuting with X 1 . We then simplify X 2 by equivalence transformations leaving the vector field X 1 invariant. The standardized X 2 and the restricted form of F in (3.2) are then substituted into (2.5). Solving this equation will further restrict the form of the function F . The number of variables of F reduces by one, three variables in this case. Thus, we find that there exist precisely four classes of two-dimensional abelian symmetry algebras represented by the following ones:
II. Non-abelian:
Imposing that X 1 in (3.1) and X 2 in generic form satisfy [X 1 , X 2 ] = X 2 and simplifying equivalence transformations leaving X 1 invariant we find that five classes of symmetry algebras exist. The algebras and nonlinear functions F are represented by
Equations with three-dimensional symmetry algebras
Decomposable algebras: A Lie algebra is decomposable if it can be written as a direct sum of two or more
There are two types of 3-dimensional decomposable Lie algebras,
We start from the two-dimensional algebras in (3.3) and add a further linearly independent vector field X 3 in the form (2.4) and impose the above commutation relations. We simplify X 3 using equivalence transformations leaving the space {X 1 , X 2 } invariant. We present the following result without proof.
Nondecomposable algebras: The isomorphy classes of these algebras are rep-resented by the following list: Two semi-simple Lie algebras
A nilpotent (non-Abelian) Lie algebra
Six solvable Lie algebras
The solvable algebras can be written as semidirect sums of a one-dimensional subalgebra {X 3 } and an Abelian ideal {X 1 , X 2 }. Note that the algebras A 3,8 and A 3,10 are isomorphic to e(1, 1), and e(2), respectively. Their commutation relations have the matrix structure
where J is a 2 × 2 real matrix that can be taken in Jordan canonical form. The only three-dimensional simple Lie algebra that can be realized in terms of vector field of the form (2.4) is A 3,3 ∼ sl(2, R). This algebra has a two-dimensional non-abelian subalgebra. Up to equivalence transformations it can only be realized as
with the corresponding invariant equation
There exist precisely five classes of realizations of nilpotent algebras. But only four of them can be symmetry algebras of equations of the form (1.1).
Solvable Lie algebras: A solvable three-dimensional Lie algebra always have a two-dimensional Abelian ideal. We assume that the ideal {X 1 , X 2 } is already of the form (3.3) and add a third element X 3 in the form (2.4) acting on the ideal. Imposing commutation relations and simplifying by equivalence transformations (2.6) for each canonical form of the matrix separately we obtain the following realizations of solvable Lie algebras together with the corresponding invariant equations:
A 3,9 : J = 1 0 0 q , 0 < |q| < 1. (3.12)
There is no invariant equation.
where α(t),α = 0 satisfies
Remark: α(t) can be obtained implicitly by quadratures as
Equations with four-dimensional symmetry algebras
For dim L = 4, we proceed exactly in the same manner as previous classifications. We start from the already standardized three-dimensional algebras and add a further linearly independent element X 4 and require that they form a Lie algebra. Decomposable algebras: The class of decomposable four-dimensional Lie algebras contains twelve algebras:
We preserve the notations of the previous section. We denote A 3,i = {X 1 , X 2 , X 3 }(i = 1, 2, . . . , 11), A 1 = {X 4 }.
There are four inequivalent realizations of the algebra 2A 2,2 which are invariance algebras of PDEs of the form (1.1). We give these realizations together with the corresponding invariant equations. 
,2 :
2,2 :
The algebra A 3,3 ⊕ A 1 has one realization which is the symmetry algebra of the PDE (1.1)
The corresponding invariant equation is
Finally, a realization of the algebra A 3,9 ⊕ A 1 is
In this case, the invariant equation is
Nondecomposable algebras:
The set of inequivalent abstract four-dimensional Lie algebras contains ten real non-decomposable Lie algebras A 4,i = {X 1 , X 2 , X 3 , X 4 } (i = 1, . . . , 10) [4, 5] . They are all solvable and can all be written as semidirect sums of a one-dimensional Lie algebra {X 4 } and a three-dimensional ideal N = {X 1 , X 2 , X 3 }. For A 4,i (i = 1, . . . , 6), N is abelian, for A 4,7 , A 4,8 , A 4,9 it is of type A 3,5 (nilpotent), and for A 4,10 it is of the type A 3,7 . The non-zero commutation relations are
To obtain realizations of solvable four-dimensional symmetry algebras of PDEs that belong to the class (1.1), we add X 4 in the generic form (2.4) to the already established three-dimensional representative algebras and impose the above commutation relations. Once the algebra is realized we substitute X 4 into equation (2.5) and solve for the invariant function F . The form of F which is invariant under three-dimensional algebra is further restricted.
We skip the computational details and present the results only.
Remark: The algebra A 1 4,8 is isomorphic to the KdV algebra which is the semidirect sum of the nilradical h(2) = {X 1 , X 2 , X 3 } and the dilation D = {X 4 }. :
The function α(t),α = 0 is a solution of the ordinary differential equation (3.14).
Discussion and Conclusion
This paper provides a symmetry classification of the KdV type equations involving an arbitrary function of five arguments. We find that the classes of invariant equations involve one arbitrary function of four, three, two variables and one variable only according as the dimension of the symmetry algebra is one-, two-, threeand four-dimensional. Whenever the function F is arbitrary, the symmetry algebras are maximal. If we require the function F to be independent of u xx we find that φ = R(t)u + S(x, t) in (2.4). In this case, invariance under four-dimensioanal algebras will force F to depend an arbitrary constant rather than an arbitrary function. Then, they may admit symmetry groups larger than four. On the other hand, we tacitly excluded linear equations from consideration. We need to impose some restrictions on F to avoid any linear invariant equation. We only present a representative list of equations of equivalence classes and other invariant equations can be recovered from this list by applying the point transformations (2.6). In other words, an equation in the class (1.1) will have a symmetry group with dimension satisfying dim L ≤ 4 if and only if it can be transformed to precisely one in the list.
Using the results obtained in [17] by an extensive analysis of some facts from the general theory of simple, semi-simple and solvable Lie algebras and the classification of inequivalent realizations of Lie algebras satisfying dim L ≤ 4, we can prove that there exist no nonlinear evolution type equations that allow symmetry algebras with dimension higher than four. In other words, nonlinear equations belonging to the class (1.1) can have at most four-dimensional symmetry groups.
We mention that we perform our classification up to point transformations of coordinates. Two equations will be equivalent if one can be obtained from the other by a change of variables. For example, consider a special case of (3.15) forF (ω) = −3/4ω 2 [18] 
Although this equation is equivalent to the third-order linear equation v t = v xxx under the transformation v = √ u x , in the present context we regard them as inequivalent.
To see how the results of this article can be used we consider a subclass of (1.1)
which arise in several physical applications such as propagation of waves in shallow water of variable depth. When f (t) is arbitrary, (4.1) admits a two-dimensional abelian symmetry algebra generated by
By a change of dependent variableũ = u/ξ, the generators are transformed to the realization A 
which is a particular case (1.2). For the special case f (t) = at k we have the following possibilities in which the algebra is either three-or four-dimensional.
1.) (a, k) = (a, −1), a = 0, −1: The equation allows a three-dimensional indecomposable solvable symmetry algebra spanned by
with non-zero commutation relations
For a = −1/3, the algebra is isomorphic to A 3,7 by a change of basis of generators, for −1 < a < − 1 3 to A 3,9 . For a = −2/3 it is isomorphic to the decomposable solvable algebra A 3,2 and a suitable basis is
With the transformationt = t,x = x,ũ = −3t 2/3 u, the basis elements are transformed, up to a scaling, to the realization A This equation belongs to the class corresponding to the realization A 3 3,2 . We note that a member of (1.2) for f = 1, g = t 2 (see [1] ) is equivalent to the above equation. Similarly, the particular case a = −α/(1+α), α = 0, 1, 2 is equivalent to f = 1, g = t α of (1.2). The symmetry algebra is indecomposable solvable. 2.) (a, k) = (−1, −1): the spherical KdV (sKdV) equation The equation has a three-dimensional symmetry algebra
It is easy to see that this algebra is isomorphic to A 3, 6 . Under the transformatioñ u = 3tu, the generators are transformed to the realization A We note that a member of (1.2) for f = 1, g = e 3t [1] is equivalent to the case 2.), i.e. the sKdV equation.
3.) (a, k) = (a, 0), a = 0: The symmetry algebra has a basis X 1 = ∂ t , X 2 = ∂ x , X 3 = e at (∂ x − a∂ u ), (4.5) with non-zero commutation relations [X 1 , X 3 ] = aX 3 . The algebra is isomorphic to A 3,2 . 4.) (a, k) = (−1/2, −1): the cylindrical KdV (cKdV) equation In this case the symmetry algebra is four-dimensional. In a convenient basis we have We see that the symmetry algebra of cKdV equation is isomorphic to the algebra A 4,8 with q = 1. The existence of such an isomorphism is a necessary, but not sufficient condition for a local point transforation to exist, transforming the two equations into each other. Comparing these generators with (2.9) and choosing (2.8) suitably, for example,t = 2t −1/2 ,x = t −1/2 x,ũ = tu + x 2 we can transform these generators to the realization A 1 4,8 of the KdV algebra. This connection between the KdV and cKdV equations is well-known in the literature [16] .
In short, equations that do not appear in the classification list can be recovered from equations in the list by point transformations.
Many integrable KdV type equations can be reproduced by restricting the arbitrary functions figuring in invariant equations of this article. For example, the realization A 2 3,9 is equivalent to {∂ t , ∂ x , t∂ t + x/3∂ x − u/3∂ u } under the transformation u → u −1/3 . We have the invariant function F = u 4F (ω 1 , ω 2 ), ω 1 = u −2 u x , ω 2 = u −3 u xx .
Among others, settingF = ω 1 produces the modified KdV (mKdV) equation. Since the maximal symmetry algebra of mKdV equation is three-dimensional, it is not isomorphic to the KdV algebra. This implies that there can exist no point transformation transforming the mKdV equation into KdV equation. Finally, let us mention that a classification based on higher order symmetries of third-order integrable nonlinear equations of the form u t = u xxx + F (u, u x , u xx ) was given in [18] .
